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Within the framework of kinetic-energy-driven superconductivity, the asymmetric doping depen-
dence of superconductivity between the hole- and electron-doped triangular-lattice superconductors
has been studied. It is shown that although the superconducting transition temperature has a dome-
shaped doping dependence for both the hole- and electron-doped triangular-lattice superconductors,
superconductivity appears over a wide doping of range in the hole-doped case, while it only exists
in a narrow range of the doping in the electron-doped side. Moreover, the maximum supercon-
ducting transition temperature around the optimal doping in the electron-doped triangular-lattice
superconductors is lower than that of the hole-doped counterparts. The theory also shows that the
asymmetric doping dependence of superconductivity between the hole- and electron-doped cases
may be a common feature for a doped Mott insulator.
PACS numbers: 74.20.Mn, 74.25.Dw, 74.20.-z, 74.62.Dh
Keywords:Superconductivity; Superconducting transition temperature; Mott insulators; Triangular lattice
The study of oxide compounds has been of theoretical
and experimental interest for a long time, since most of
these oxide compounds are belong to the strongly cor-
related electron systems and exhibit unconventional su-
perconducting (SC) mechanism1,2, including the cuprate
superconductors3–6 and cobaltate superconductors7–11.
In particular, the parent compounds of the cuprate
superconductors are a form of non-conductor called a
Mott insulator, where the one-half spin Cu2+ ions in a
square array are ordered antiferromagnetically12. When
this parent square-lattice Mott insulator is doped with
holes or electrons, superconductivity emerges3–6, where
the SC transition temperature Tc exhibits an unusual
dome-shaped doping dependence. Moreover, although
the strong electron correlation is common for both hole-
and electron-doped square-lattice cuprate superconduc-
tors, the maximum achievable Tc in the electron-doped
case is lower than that in the hole-doped side3–6. On the
other hand, the one-half spin Co4+ ions in the undoped
cobaltates sites sit on a triangular-planar lattice. The
cobaltate superconductor NaxCoO2 · yH2O is viewed as
an electron-doped triangular-lattice superconductor7–11,
since as electrons are introduced into these undoped
cobaltates, superconductivity appears with Tc that has
the same dome-shaped dependence on electron dop-
ing as in the case of the electron-doped square-lattice
cuprate superconductors. It has been argued that the
triangular-lattice cobaltate superconductors are probably
the only system other than the square-lattice cuprate su-
perconductors where a doped Mott insulator becomes a
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superconductor13–15. Furthermore, the triangular-lattice
cobaltate superconductors also introduce a frustration of
the interaction between electrons, and therefore an inter-
play between superconductivity and geometrical frustra-
tion is invoked. In this case, some questions are raised:
(a) does superconductivity appear with the hole dop-
ing? (b) is the maximum SC transition temperature in
the electron-doped case also lower than that in the hole-
doped side? (c) does this geometric frustration suppress
Tc to low temperatures?
To see within a unified physical picture whether the be-
haviors occurred in the electron-doped triangular-lattice
superconductors also emerge in the hole-doped counter-
parts or not is important, since it refers to whether the
nature of the particle-hole asymmetry in a doped Mott
insulator is universal or not. In this paper, we try to
study this issue in the doped triangular-lattice Mott insu-
lators based on the kinetic-energy driven SC mechanism.
We show that (a) as in the doped square-lattice Mott
insulators3–6, superconductivity should also appear with
the hole doping; (b) however, the maximum SC transi-
tion temperature in the electron-doped case is lower than
that in the hole-doped side; (c) the geometric frustration,
accompanied by large fluctuations, suppresses Tc of the
triangular-lattice superconductors to low temperatures.
Following the discovery of the square-lattice cuprate
superconductors3–6, there were various suggestions of
way in which the t-J model can capture the essential
physics of a doped Mott insulator16,17. The original
t-J model consists of two parts16, the kinetic energy
part includes the nearest-neighbor (NN) hopping term
t, while the magnetic energy part is described by a
Heisenberg term with the NN spin-spin antiferromagnetic
(AF) exchange J . However, the electronic properties and
electron-hole asymmetry in a doped Mott insulator on a
2triangular lattice may be better accounted for by includ-
ing the next NN hoping t′. In this case, we start from
the t-t′-J model on a triangular lattice,
H = −t
∑
lηˆσ
C†lσCl+ηˆσ + t
′
∑
lτˆσ
C†lσCl+τˆσ
+µ
∑
lσ
C†lσClσ + J
∑
lηˆ
Sl · Sl+ηˆ, (1)
where the summation is over all sites l, and for each
l, over its NN sites ηˆ or next NN sites τˆ , C†lσ (Clσ)
is electron creation (annihilation) operator with spin σ,
Sl = (S
x
l , S
y
l , S
z
l ) are spin operators, and µ is the chem-
ical potential. For the electron-doped case13–15, we can
work in the hole representation via a particle-hole trans-
formation Clσ → C†l−σ, and then the difference between
the hole- and electron-doped cases can be expressed as
the sign difference of the hopping parameters t and t′, i.e.,
t > 0 and t′ > 0 for the hole-doped case, while t < 0 and
t′ < 0 in the electron-doped side. In this case, the t-t′-
J model (1) in both the hole- and electron-doped cases
is always subjected to an important on-site local con-
straint
∑
σ C
†
lσClσ ≤ 1 to avoid the double occupancy.
It has been shown that this single occupancy local con-
straint can be treated properly within the fermion-spin
theory18,19, where the constrained operators Clσ can be
decoupled as Cl↑ = a
†
l↑S
−
l and Cl↓ = a
†
l↓S
+
l , with the
spinful fermion operator alσ = e
−iΦlσal that keeps track
of the charge degree of freedom together with some effects
of spin configuration rearrangements due to the presence
of the doped charge carrier itself, while the spin operator
Sl represents the spin degree of freedom, and then the lo-
cal constraint of no double occupancy is satisfied in the
actual calculations. In this fermion-spin representation,
the t-t′-J model (1) can be rewritten as,
H = t
∑
lηˆ
(a†l+ηˆ↑al↑S
+
l S
−
l+ηˆ + a
†
l+ηˆ↓al↓S
−
l S
+
l+ηˆ)
−t′
∑
lτˆ
(a†l+τˆ↑al↑S
+
l S
−
l+τˆ + a
†
l+τˆ↓al↓S
−
l S
+
l+τˆ )
−µ
∑
lσ
a†lσalσ + Jeff
∑
lηˆ
Sl · Sl+ηˆ, (2)
with Jeff = (1− δ)2J , and the charge-carrier doping con-
centration δ = 〈a†lσalσ〉 = 〈a†l al〉. At half-filling, the t-t′-
J model (2) is reduced to the AF Heisenberg model on
a triangular lattice. In the early discussions, the strong
geometry frustration in the AF Heisenberg model on a
triangular lattice was expected to completely destroy AF
long-range order (AFLRO) and lead to a spin-liquid20.
Later, some studies21–24, however, support the appear-
ance of AFLRO. On the other hand, for the case in the
AF Heisenberg model on a square-lattice, AFLRO is de-
stroyed by the hole doping with δ ∼ 0.05 − 0.07 for
t/J ∼ 2.5 − 525,26. However, the triangular lattice in-
troduces a strong geometry frustration for the coupling
between spins, which could be even more favorable than
in the square lattice to formation of the spin-liquid state
for sufficiently low doping, and then there is no AFLRO
in the doped regime where superconductivity appears.
For an understanding of the physical properties of
the square-lattice cuprate superconductors in the SC-
state, the kinetic-energy driven SC mechanism has been
developed19,27,28 based on the t-J model in the fermion-
spin representation, where in the doped regime with-
out AFLRO, the interaction between charge carriers and
spins from the kinetic-energy term in the t-J model in-
duces a charge-carrier pairing state (then the electron
pairing state) with the d-wave symmetry by the ex-
change of spin excitations. This SC-state is controlled
by both the charge-carrier pair gap and the quasiparti-
cle coherence, which leads to that the maximal Tc oc-
curs around the optimal doping, and then decreases in
both the underdoped and overdoped regimes. In par-
ticular, within this kinetic-energy driven SC mechanism,
superconductivity in the electron-doped Mott insulator
on a triangular lattice has been discussed based on the t-
J model in the fermion-spin representation29,30, where
the obtained optimal Tc occurs in a narrow range of
the optimal doping, and then decreases for both un-
derdoped and overdoped regimes, in qualitative agree-
ment with the corresponding experimental result8 of the
electron-doping triangular-lattice cobaltate superconduc-
tors NaxCoO2·yH2O. Moreover, based on this theoreti-
cal framework29,30, the electromagnetic response30, the
thermodynamic properties31, and the nature of the elec-
tron Fermi surface of the electron-doped Mott insulator
on a triangular lattice32 have been discussed, and then
the experimental results of the superfluid density, the
specific-heat, and the doping dependence of the electron
Fermi surface in the triangular-lattice cobaltate super-
conductors are qualitatively reproduced. Following these
previous discussions29,30, the full charge-carrier diagonal
and off-diagonal Green’s functions of the t-t′-J model on
a triangular-lattice (2) in the SC-state can be obtained
as,
g(k, ω) =
1
ω − ξk − Σ(a)1 (k, ω)− [Σ(a)∗2 (k, ω)Σ(a)2 (k, ω)]/[ω + ξk +Σ(a)1 (k,−ω)]
, (3a)
Γ†(k, ω) = − Σ
(a)
2 (k, ω)
[ω − ξk − Σ(a)1 (k, ω)][ω + ξk +Σ(a)1 (k,−ω)]− Σ(a)∗2 (k, ω)Σ(a)2 (k, ω)
, (3b)
3where the mean-field (MF) charge-carrier excitation
spectrum ξk = Ztχ1γk − Zt′χ2γ′k − µ, with the
number of the NN or next NN sites Z, γk =
[cos kx + 2 cos(kx/2) cos(
√
3ky/2)]/3, γ
′
k = [cos(
√
3ky) +
2 cos(3kx/2) cos(
√
3ky/2)]/3, the spin correlation func-
tions χ1 = 〈S+l S−l+ηˆ〉 and χ2 = 〈S+l S−l+τˆ 〉.
In the strong coupling formalism33,34, the charge-
carrier self-energy Σ
(a)
2 (k, ω) in the particle-particle chan-
nel represents the charge-carrier pair gap ∆¯(a)(k) =
Σ2(k, ω = 0). Experimentally, the observed specific-heat
data35 are consistent with these fitted results obtained
from phenomenological Bardeen-Cooper-Schrieffer for-
malism with the d-wave (d1k + id2k) symmetry without
gap nodes, where d1k = 2coskx − cos[(kx −
√
3ky)/2] −
cos[(kx +
√
3ky)/2] and d2k =
√
3cos[(kx +
√
3ky)/2] −√
3cos[(kx −
√
3ky)/2]. Theoretically, the numerical
simulations36–41 indicates that the lowest energy state
of the AF Heisenberg model on triangular lattice is the
d-wave (d1k + id2k) state with the energy gap ∆k ∝
∆(d1k + id2k). In this case, the SC-state symmetry
can be chosen as the d-wave pairing symmetry ∆¯
(a)
k =
∆¯(a)(d1k+ id2k) as in the previous discussions
30. On the
other hand, the charge-carrier self-energy Σ
(a)
1 (k, ω) in
the particle-hole channel can be separated into two parts:
Σ
(a)
1 (k, ω) = Σ
(a)
1e (k, ω) + ωΣ
(a)
1o (k, ω), with Σ
(a)
1e (k, ω)
and Σ
(a)
1o (k, ω) that are, respectively, the corresponding
symmetric and antisymmetric parts. In particular, the
antisymmetric part Σ
(a)
1o (k, ω) is directly related to the
charge-carrier quasiparticle coherent weight30 as Z−1aF =
1−ReΣ(a)1o (k, ω = 0) |k0 , with k0 = [π/3,
√
3π/3]. In this
case, the electron self-energies Σ
(a)
1 (k, ω) in the particle-
hole channel and Σ
(a)
2 (k, ω) in the particle-particle chan-
nel can be evaluated in terms of the spin bubble as30,
Σ
(a)
1 (k, ω) =
1
N2
∑
pp′n
(−1)n+1Ω(a)pp′k
[
U2ap+k
(
F
(n)
1app′k
ω + ωnpp′ − Eap+k +
F
(n)
2app′k
ω − ωnpp′ − Eap+k
)
+V 2ap+k
(
F
(n)
1app′k
ω − ωnpp′ + Eap+k +
F
(n)
2app′k
ω + ωnpp′ + Eap+k
)]
, (4a)
Σ
(a)
2 (k, ω) =
1
N2
∑
pp′n
(−1)nΩ(a)pp′k
∆¯
(a)
Zp+k
2Eap+k
[(
F
(n)
1app′k
ω + ωnpp′ − Eap+k +
F
(n)
2app′k
ω − ωnpp′ − Eap+k
)
−
(
F
(n)
1app′k
ω − ωnpp′ + Eap+k +
F
(n)
2app′k
ω + ωnpp′ + Eap+k
)]
, (4b)
respectively, where n = 1, 2, Ω
(a)
pp′k = ZaF(Ztγp+p′+k −
Zt′γ′p+p′+k)
2Bp′Bp+p′/(4ωp′ωp+p′), the charge-carrier
quasiparticle coherence factors U2ak = (1 + ξ¯k/Eak)/2
and V 2ak = (1 − ξ¯k/Eak)/2, the charge-carrier quasi-
particle energy spectrum Eak =
√
ξ¯2k+ | ∆¯(a)Zk |2,
with ξ¯k = ZaFξk, ∆¯
(a)
Zk = ZaF∆¯
(a)
k , Bk =
λ1[2χ
z
1(ǫγk − 1) + χ1(γk − ǫ)] − λ2(2χz2γ′k − χ2),
Bzk = ǫχ1λ1(γk − 1) − χ2λ2(γ′k − 1), λ1 = 2ZJeff ,
λ2 = 4Zφ2t
′, ǫ = 1 + 2tφ1/Jeff , the charge-carrier’s
particle-hole parameters φ1 = 〈a†lσal+ηˆσ〉, φ2 =
〈a†lσal+τˆσ〉, the spin correlation functions χz1 = 〈Szl Szl+ηˆ〉,
χz2 = 〈Szl Szl+τˆ 〉, ωnpp′ = ωp+p′ − (−1)nωp′ , and the
functions, F
(n)
1app′k = nF(Eap+k){1 + nB(ωp′+p) +
nB[(−1)n+1ωp′ ]} + nB(ωp′+p)nB[(−1)n+1ωp′ ] and
F
(n)
2app′k = [1 − nF(Eap+k)]{1 + nB(ωp′+p) +
nB[(−1)n+1ωp′ ]} + nB(ωp′+p)nB[(−1)n+1ωp′ ], with
nB(ω) and nF(ω) that are the boson and fermion
distribution functions, respectively, while the MF spin
excitation spectra,
ω2k = λ
2
1
[
1
2
ǫ
(
A1 − 1
2
αχz1 − αχ1γk
)
(ǫ− γk)
+
(
A2 − 1
2Z
αǫχ1 − αǫχz1γk
)
(1− ǫγk)
]
+λ22
[
α
(
χz2γ
′
k −
5
2Z
χ2
)
γ′k +
1
2
(
A3 − 1
3
αχz2
)]
+λ1λ2
[
αχz1(1− ǫγk)γ′k +
1
2
α(χ1γ
′
k − C3)(ǫ − γk)
+ αγ′k(C
z
3 − ǫχz2γk)−
1
2
αǫ(C3 − χ2γk)
]
, (5a)
ω2zk = ǫλ
2
1
(
ǫA1 − 1
Z
αχ1 − αχ1γk
)
(1− γk)
+λ22A3(1 − γ′k) + λ1λ2α[ǫC3(γk + γ′k − 2)
+χ2γk(1− γ′k)], (5b)
where A1 = αC1+(1−α)/(2Z), A2 = αCz1+(1−α)/(4Z),
A3 = αC2 + (1 − α)/(2Z), the spin correlation
functions C1 = (1/Z
2)
∑
ηˆ,ηˆ′
〈S+l+ηˆS−l+ηˆ′〉, Cz1 =
4(1/Z2)
∑
ηˆ,ηˆ′〈Szl+ηˆSzl+ηˆ′〉, C2 = (1/Z2)
∑
τˆ ,τˆ ′〈S+l+τˆS−l+τˆ ′〉,
C3 = (1/Z)
∑
τˆ 〈S+l+ηˆS−l+τˆ 〉, and Cz3 =
(1/Z)
∑
τˆ 〈Szl+ηˆSzl+τˆ 〉. In order not to violate the
sum rule of the correlation function 〈S+l S−l 〉 = 1/2 in
the case without an AFLRO, an important decoupling
parameter α has been introduced in the decoupling ap-
proximation for obtaining the MF spin Green’s function,
which can be regarded as the vertex correction29,30.
In this case, the charge-carrier quasiparticle coherent
weight ZaF and charge-carrier pair gap parameter ∆¯
(a)
satisfy following two self-consistent equations,
1
ZaF
= 1 +
1
N2
∑
pp′n
(−1)n+1Ω(a)pp′k0
[
F
(n)
1app′k0
(ωnpp′ − Eap+k0)2
+
F
(n)
2app′k0
(ωnpp′ + Eap+k0)
2
]
, (6a)
1 =
6
N3
∑
pp′kn
(−1)nZaFΩ(a)pp′k
Λ
(d)∗
k Λ
(d)
p+k
Eap+k
×
(
F
(n)
1app′k
ωnpp′ − Eap+k −
F
(n)
2app′k
ωnpp′ + Eap+k
)
, (6b)
respectively, where Λ
(d)
k = d1k + id2k. These two equa-
tions (6a) and (6b) must be solved simultaneously with
following self-consistent equations,
φ1 =
1
2N
∑
k
γkZaF
(
1− ξ¯k
Eak
tanh
[
1
2
βEak
])
, (7a)
φ2 =
1
2N
∑
k
γ′kZaF
(
1− ξ¯k
Eak
tanh
[
1
2
βEak
])
, (7b)
δ =
1
2N
∑
k
ZaF
(
1− ξ¯k
Eak
tanh
[
1
2
βEak
])
, (7c)
χ1 =
1
N
∑
k
γk
Bk
2ωk
coth
[
1
2
βωk
]
, (7d)
χ2 =
1
N
∑
k
γ′k
Bk
2ωk
coth
[
1
2
βωk
]
, (7e)
C1 =
1
N
∑
k
γ2k
Bk
2ωk
coth
[
1
2
βωk
]
, (7f)
C2 =
1
N
∑
k
γ′2k
Bk
2ωk
coth
[
1
2
βωk
]
, (7g)
C3 =
1
N
∑
k
γkγ
′
k
Bk
2ωk
coth
[
1
2
βωk
]
, (7h)
1
2
=
1
N
∑
k
Bk
2ωk
coth
[
1
2
βωk
]
, (7i)
χz1 =
1
N
∑
k
γk
Bzk
2ωzk
coth
[
1
2
βωzk
]
, (7j)
χz2 =
1
N
∑
k
γ′k
Bzk
2ωzk
coth
[
1
2
βωzk
]
, (7k)
Cz1 =
1
N
∑
k
γ2k
Bzk
2ωzk
coth
[
1
2
βωzk
]
, (7l)
Cz3 =
1
N
∑
k
γkγ
′
k
Bzk
2ωzk
coth
[
1
2
βωzk
]
, (7m)
then all the order parameters, the decoupling pa-
rameter α, and the chemical potential µ are deter-
mined self-consistently without using any adjustable
parameters29,30.
We are now ready to discuss the asymmetric doping
dependence of superconductivity between the hole- and
electron-doped triangular-lattice superconductors. In
Fig. 1, we plot the charge-carrier pair gap parameter ∆¯(a)
as a function of doping at temperature T = 0.001J for (a)
the hole doping with parameters t/J = 3.0 and t′/t = 0.5
and (b) the electron doping with parameters t/J = −3.0
and t′/t = 0.5. It is shown clearly that the charge-carrier
pair gap (then SC gap) has a dome-like shape doping
dependence in both the hole- and electron-doped cases.
In particular, the charge-carrier pair state exists over a
broad hole doping range from the hole doping concentra-
tions δ ≈ 0.06 to δ ≈ 0.26, where the maximal value of
the charge-carrier pair gap appears around the optimal
doping δ ≈ 0.14. However, the charge-carrier pair state
emerges only in a narrow electron doping range from the
electron doping concentrations δ ≈ 0.32 to δ ≈ 0.37,
where the maximal value of the charge-carrier pair gap
appears around the optimal doping δ ≈ 0.35. These re-
sults are in analogy to the corresponding case of the hole-
and electron-doped square-lattice superconductors3–6.
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FIG. 1: The charge-carrier pair gap parameter as a function of
doping at T = 0.001J for (a) the hole doping with t/J = 3.0
and t′/t = 0.5 and (b) the electron doping with t/J = −3.0
and t′/t = 0.5.
The SC transition temperature Tc on the other hand
can be obtained self-consistently from the self-consistent
equations (6) and (7) by the condition ∆¯(a) = 0, and the
result of Tc as a function of doping is plotted in Fig. 2 for
(a) the hole doping with t/J = 3.0 and t′/t = 0.5 and (b)
the electron doping with t/J = −3.0 and t′/t = 0.5. Ob-
viously, the doping dependence of Tc is consistent with
the doping dependence of the charge-carrier pair gap pa-
rameter ∆¯(a) in both the hole- and electron-doped cases
shown in Fig. 1. Tc arrives at its maximal value around
the optimal doping δ = 0.14 in the hole-doped case,
while it exhibits a maximal value around δ ≈ 0.35 in the
5G
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FIG. 2: The superconducting transition temperature as a
function of doping for (a) the hole doping with parameters
t/J = 3.0 and t′/t = 0.5 and (b) the electron doping with
parameters t/J = −3.0 and t′/t = 0.5.
electron-doped side. In particular, the charge-carrier pair
state (then the SC-state) in both the hole- and electron-
doped triangular-lattice superconductors is controlled by
both the charge-carrier pair gap and quasiparticle co-
herence as shown in the self-consistent equations in Eq.
(6), which therefore leads to that the maximal Tc oc-
curs around the optimal doping, and then decreases in
both the underdoped and the overdoped regimes. How-
ever, the maximal Tc in the electron-doped case is smaller
than that in the hole-doped side. Moreover, the dop-
ing range for Tc in the electron-doped case is narrower
than that in the hole-doped side, reflecting the existence
of an asymmetric doping dependence of superconduc-
tivity between the hole- and electron-doped triangular-
lattice superconductors. In comparison with the corre-
sponding results of the hole- and electron-doped square-
lattice cuprate superconductors3–6, it is therefore shown
that although the dome-shaped doping dependence of Tc
in the hole- and electron-doped triangular-lattice super-
conductors is similar to that of the corresponding hole-
and electron-doped square-lattice cuprate superconduc-
tors, respectively, the Tc in both the hole- and electron-
doped triangular-lattice superconductors is strongly sup-
pressed by the geometric frustration to much low tem-
peratures, reflecting a fact that the geometric frustration
antagonizes superconductivity. This is also why Tc in
the electron-doped triangular-lattice cobaltate supercon-
ductors is much lower than that in the electron-doped
square-lattice cuprate superconductors. The present re-
sult of the asymmetric doping dependence of supercon-
ductivity in the triangular-lattice superconductors is sim-
ilar to that in the square-lattice superconductors except
for the lower Tc, indicating that the asymmetric dop-
ing dependence of superconductivity between the hole-
and electron-doped cases may be a common feature for
a doped Mott insulator.
In conclusion, within the framework of the kinetic-
energy-driven superconductivity, we have discussed the
asymmetric doping dependence of superconductivity be-
tween the hole- and electron-doped triangular-lattice su-
perconductors. Our results show that for both the hole-
and electron-doped triangular-lattice superconductors,
the doping evolution of the SC transition temperature
Tc exhibits a dome-shaped doping dependence, where
Tc reaches its maximal value around the optimal dop-
ing and then decreases in both the underdoped and over-
doped regimes. However, the maximum Tc in the opti-
mal doping in the electron-doped case is lower than that
of the hole-doped side. Moreover, superconductivity ap-
pears over a wide doping range from the doping concen-
trations δ ≈ 0.06 to δ ≈ 0.26 in the hole-doped case,
however, it only exists in a narrow range of the doping
from the doping concentrations δ ≈ 0.32 to δ ≈ 0.37 in
the electron-doped side. Incorporating the present re-
sult with that obtained in the doped square-lattice Mott
insulators28,42, it is thus shown that the asymmetric dop-
ing dependence of superconductivity between the hole-
and electron-doped cases may be a common feature for
a doped Mott insulator.
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